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Abstract 

A closed 5*0(5) algebraic structure in the the mean-field form of the Hamiltonian the 
pure p-wave superconductivity is found that can help to diagonahzed by making use of 
the Bogoliubov rotation instead of the Balian-Werthamer approach, we point out that the 
eigenstate is nothing but S'0(5)-coherent state with fermionic realization. By applying the 
approach to the Hamiltonian with dipole interaction of Leggett the consistency between 
the diagonalization and gap equation is proved through the double-time Green function. 
The relationship between the s-wave and p-wave superconductivities turns out to be 
recognized through Yangian algebra, a new type of infinite-dimensional algebra. 
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The p-wave super conduct ivitiy theories and their apphcations to hquid ^H^ have inten- 
sively been studied in many initial literatures, for example, in Refs[^-0. As was pointed 
out by Anderson and Brinkman|I]] that the BW formalism^ underlies all the further 
models in the field. The Hamiltonian takes the Aderson reduced form: H = Hq + V 

-f^O = X! ^k'T-ko , ^ H;k'«k'Q,0^k'/3'^-k/3'^k« (1) 

k,a k,k'«,/3 

where ei^ = ^ — fj., a, P =T)i) and for p-wave Vkk' = —>iVi{k, k')n ■ n' (n = |). To 
explain the p-pair interaction Leggett0 introduced an useful algebra, but not closed. 
Meanwhile, the dipole type of interaction was proposed that naturally distinguishes the 
energy difference for ABM and BW phases -@] and gives the correct spin dynamics. 
All the theories look working perfectly, but with growing interest of the applications of 
the currently algebraic method there still desirable efforts could be made to yield further 
understanding. In this paper we would like to show the following results, a) The set obey- 
ing by Si(k) = a^^{ai)af3akf3 and Ti(k) = a_ka(o-20-i)a/3ak/3 as well as their conjugates[|] 
forms 5*0(5) algebra (z = 0, 1, 2, 3, ctq = 1 and summation over the repeat a and (3) that 
is larger than the usual U{1) ® SU^^^ SU^^^ as shown in Ref. 0. Equipping with the al- 
gebraic structure for the lower pair excitation we then diagonalize the Hamiltonian eq. ([^) 
that together with the invariance U{1) SU'^^^ ® SU^^^ by using the algebraic average 
method (AAM, general Bogoliubov rotation) yield all the known results, b) We show 
that the eigenfunction of eq.(^ is S'C'(5)-coherent state with fermionic realization, hence 
the coherence property related to eq.(|ip origins in the closed 5*0 (5) structure, c) The 
above calculation can be applied to the dipole interaction Hamiltonian of Leggett. There 
appears nontrivial consistency between the diagonalization of microscopic-form of H^, by 
AAM and the gap equation, d) Finally, in difference from the S0{5) unification of Zhang 
et al|^[§ we attempt to find what price we have to pay in order to form an assumed 
unification involving both s-wave and p-wave superconductivities (as shown in Ref.0|), in 
stead of the claimed transition between s-wave superconductivity and AF phase shown in 
Refs.ii. 

1) Observing the algebra defined in Ref.0, if To(k) is picked up, it becomes closed. 
Defining S(k) = |[S(k) + S(-k)], Q(k) = |(S'o(k) + So{-k) - 2) it can be checked that 
the set (g(k),S(k),T(k),Tt(k)) forms S0{5) algebra: 

[45(k), /ed(k')] = -t6{k - k'){6aclM{k) + 56d/ac(k) - 6adhc{^) - (5,,4rf(k)) 
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where /afe(k) = — /^^(k) (a, b = 1,2, 3, 4, 5) takes the form: 

/ \ 

-i(Ti(k) + T,.(k)) 

-i(Tt(k)+T,(k)) -^,(k) 

-i(Tt(k) + r,(k)) ^,(k) -S,{k) 

Q(k) i-(r..(k)-rt(k)) i(r,(k)-T|(k)) i-(T,(k) -Tt(k)) o/ 

(2) 

The Hamiltonian eq.(|T]) can then be written in the form: 

H = Y: ek(g(k) + 1) + ^ E V^c'kTt(k) ■ T(k') (3) 

k ^ k,k' 

Noting that the mean-field approximation is enough to obtain gap equation since we work 
at the equihbrium state. Using jTol 

AB ^ A{B) + {A)B - {A){B) 

eq.(|^) can be hnearized with respect to 5*0 (5) generators 

H^j = J2{H{k)-E4k)} 

k 

with 

H{k) = ekg(k) + A(k) ■ Tt(k) + A*(k) ■ T(k) (4) 

i?,(k) = ek-A(k).(Tt(k)) (5) 

where A(k) = 7Z]^'k(T(k)) and (...) represents the average over both quantum states 
k' 

and thermodynamics. We emphasized that the set A = {^T3(k), (k), — (5(k)} i.e. 
{-iV27t„ iV27il, -Q} in Refs.[|[|| forms the quasi-spin A for pairs. A does not commute 
with spin operators S(k) that give rise to T^(k) and T±(k) which are beyond two SU{2)^s 
and the total set forms S0{5). In order to make the diagonalization of eq.(P we introduce 
the unitary transformation such that {^\^) H {k)W becomes diagonal for any k. 
Following the general strategy[0 we introduce the S'0(5)-coherent operator: 

W{^^) = exp{ek[d(n) ■ Tt(k)] - h.c.} (6) 

where = r^e*'^'', d(n) = (sin 0k cos $k; sin Gk sin $k; cos Ok), ©k and $k are angulars 
in spin space for a given momentum k. Ak is a parameter to be determined by the gap 
equation. Taking the commutation relations for SO (5) into account after lengthy but 
elementary calculations we derive 



W{^^y'Hik)W{C^) = -E^Q{k), Ek = Jei + |A(k)|2 (7) 
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where 

tan2rk = A(k) = 1 J] V^k'k(T(k)) = -i| A(k)|e'^xd(n) (8) 

ek 4 ^, 2 

The eigenstate is given by 

ie) = ®kia), iek) = i^(ek)|vac) (9) 

At temperature T = 0, the vacuum state is |vac) = |0,0)k = I^T-ka = 0,ri_kQ = 0). The 
expectation value (T(k)) = ((^k|T(k)|,^k) = sin2rke*'^''d(n) yields the well-known gap 
equation at T = 0: 

A(k) = -EV^c'k^ (10) 

To satisfy eq.(|10|) we simply choose Ak = A =constant henceforth, for finite temperature, 
making use of the double-time Green function we obtain (rj-ka) = |[1 ~ tanh(|/3i?k)] 
and (T(k)) = (^k|T(k)|^k) = sin2rke*^tanh(|/3£;k)d(n) where /3 = ^ and A; is the 
Boltzmann constant. Therefore the gap equation reads 

A(k) = -^y^,,^tanh(^/3i?kO (11) 

The 5*0(5) coherent state |^k) eq.(|D gives 

l^k) = l^(ek) |0, 0) = cos^ rk|0, 0) - e''^ sin^ U, Ti) 

+ Vsin2rk{cosek(| T, i) + I i, T)) - sin eke"^*"! T, T) + sin eke**--! (12) 

Let us distinguish two cases: In the BW phase, to satisfy the gap equation it holds 
d(n)=n, Bk = ^k and $k = 'f/'k that correspond intuitively to Cooper pair with total 
angular momentum J = and has an isotropic gap, | A(k)|e*'^=c-number. The wave 
function of the BW solution in the conventional notation reads 

iek) = ^^|0,0)-e-^^|Ti,n) 

- ^^'^^/yi^iil i) - 71 ^lod T, i) + I i, T)) + v-i-il T, T)} (13) 

In the AM case, there is another solution of the gap equation by taking | A(k)|e'('^+5^ = 
Yii and sin 0k = 0, it is non-ESP state: 

ia) = ^^|o,o) + e-^^^|pi|Ti,Ti) 
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+ ^(IT,i) + li,T)) (14) 

However, the solution for cos Ok = appears only under an applied magnetic field. 
For instance, when B = fiBSz, the Hamiltonian becomes Hb = J2 H(k) — /i-B I](aj^|akt — 

k k 

a+akj andW^HeW = lE^il + i^)in^^ + n^k^) + lE^{l-i^){n^^ + n^^^)-E^. Through 
the double-time Green-function the non-vanishing components of A(k) are A||(k) = 
I E Vkk'^|Pe^^e^*k' tanh[i/?£;k'(l - ^)] and A^{k) obtained by changing in A||(k) by 
TT + A, — $k' and — S, then times (-1). The eigenstate is ~ Yu (| tt)— I ii))- If we study 
s-superconductivity by AAM, then coherence comes from the SU (2) coherent operators 
in Ref. 0. The AAM is exactly the usual Bogoliubov transformation. 

2) The dipole interaction was proposed to describe the spin dynamics for liquid ^He. 

3 

The computation in Ref.pi is based on {T(k)) = J2 T^rii. However, in the microscopic- 

i=l 

form of dipole interaction Hamiltonian 

Hd = ^Y: Vkk'(Tt(k) ■ T(k') - 3q • Tt(k)q ■ T(k')) (15) 
kk 

where q is a unit vector along n — n'. The average formula shown in Ref. can no 
longer be used, since the operator cannot be expended by rii. However, the 5*0(5) AAM 

3 

procedure works for eq.(|T3p with the redefinition Aj = J2iSij ~ Repeating 
the process in 1) we find that the A(k) satisfies the same gap equation eq.(|lT]) and the 



eigenstates take the same form for given A(k) satisfying eq.(|TT]), i.e., eq.(|15]) can be 
diagonalized with the following relation instead of eq(^: 

3 ^ ^2 




3 _ 

+ -D^-'^{a = V'kk',/3 = 2u;kk',7 = tt - z/'kk')} 



it.T^i^')) I (16) 
V (fT+(k')) 

where the D^^^{a, l3,'j) is the Wigner rotation function with the Euler angles a, (] and 

7 and q = g(sina;kk' cos'j/'kk'; sintUkk' sin ^/'kk'? cosu^kk')- The relations for c^kk'? ^kk' and 
a, (3, 7 have been indicated in eq.(|T6|). The Hij works well in spin dynamics, but the 
consistency condition for the diagonalization of Hd and gap equation, in our knowledge, 
have not been proved before. Now the eq.(^) is replaced by eq.(|T6|) for the Hamiltonian 
eq. ([T3|) . It means that all the discussion in 1) can be transplanted literally for A(k). 
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3) It seems that the T± (or ~ vr-t in Refs.[|] 0) in 5*0(5) may give rise to the transition 
between superconductivity and AF state based on the argument in Refs.0|p. However, 
it is not the case in the present modeL This is not only because there is not S0{5) 
invariance for H or H^,, but also for deeper reason. Observing the gap equation for 
Vkk' ~ Pq (constant) and Vkk' ~ Pi ~ n-n', the corresponding wave function \E'o ~ ^ooXoo 
and \E^i ~ eq. ([T3|) where xoo is spin singlet. In our case, the generators of SO (5) work 
only within p-supeconductivity, i.e. nothing with s-superconductivity. If we assume there 
is transition between \E'o and \E'i, i.e. the form of gap equation is preserved, but with the 
different potentials ~ Pq and Pi, the relationship occurs between two states: 

The connection should be beyond Lie algebra. We find that such a "transition" may be 
performed through Yangian ||1 1||- [pT^ . Actually, 

h 

k±J^'^o = (^2 - /il + -)^l±lXlTl 
1 h 

kzJz'^o = -^{f^2- + ^)YioXio (18) 

where = fiiSa'^l+fJ'2^®Sa — ^-^eai3'yiSis0Sj — S^i^Si3) {a, /3, 7 = 1, 2, 3) and Sa the spin 
operators, /ii and //2 are arbitrary constants allowed by Yangian representation theory 
and play the crucial role in the representation of Yangian ll^. [Sa, J/3] = iCap-^J^ and 
J^'s obey the nonlinear commutation relations ||TT|| 15 1. The set {iSq, Jg} forms Yangian 
associated with SU{2) denoted by Y{SU{2)). Noting that Ja act on quantum tensor 
space only. If the set {S, J} satisfies Yangian, so does J + r/S with arbitrary constant 77 
that is called translation of Yangian. By taking an appropriate translation constant we 
have 

(k -3)^, = ^(/i2 - /il + (k ■ J)vl/i = 0. (19) 

Yangian is an infinte algebra. Therefore any attempt to unify the superconductivity with 
different /-waves should be through infinite algebra. For the simply physical realization 



of y(5[/(2)), see Ref.|T5|. 

4) In conclusion we believe that the AAM provides an useful approach to discuss 
physics concerning pair-particles, especially for the nature of coherence and consistency 
between the diagonalization of given Hamiltonian and gap equation through double-time 
Green function. Further, this algebraic method may be extended to Yangian algebra that 
is natural to describe the transition between different condensates. 
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